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Abstract
Market risk can be easily reduced through diversification due to the covariance of the assets.
This reduces the overall risk, while maintaining returns, thus achieving the rationale investor’s
dual goal of maximum returns and minimal risk. Determining the number of assets required to
reduce the risk has been long debated. Adding more assets to the portfolio reduces firm specific
risk. The downside of adding additional assets is the increased associated trading costs. As a
result, investors will want a limit of how many assets to include in their portfolio to gain the
optimal level of reduced risk while simultaneously reducing excess trading costs. Most industry
professionals estimate a number of assets ranging from 20-30 in a portfolio to reduce the market
risk. We seek to test this theory by simulating various portfolios from the S&P500. From the
S&P500, 100 individual random portfolios holding 10, 25, 50, 100 and 150 stocks were
generated from the years from 1997 - 2016. Each of the portfolios generated returns and standard
deviation of returns of the portfolio. These returns and risk metrics were then compared with the
overall S&P500. We found the optimal portfolio had 25 stock positions.
Keywords: Diversification, Risk Management, Optimization, Systematic Risk, Unsystematic
Risk
Introduction:
Understanding the expected return of a portfolio is rather straightforward as the expected return
is a weighted average of the returns of the different assets within the portfolio. Calculating the
portfolio variance is more complicated as the variance includes the interaction of the various
assets. The interaction of the assets in terms of returns allows for the benefits of diversification.
Assets can move either together, opposite of each other or have no relationship at all. Assets
which move in opposite directions or assets which have a negative correlation provide natural
hedging diversification.
The expected variance of a portfolio of assets is given in equation 1.1. This represents the
general formula for variance of a portfolio with n corresponding assets (Bodie, Kane, Marcus
2018).
(1.1)
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The equation 1.1 states that
represents the variance of the portfolio and
represents the interaction of each pair of assets within the portfolio.
First, we need to assume the total risk of either a portfolio or asset comes from two sources that
is the assets’ sensitivity to the changes in the overall market and the assets’ specific risk. Total
risk can be written as the sum of systematic and unsystematic or firm specific variance. Firm
specific variance can be diversified away due to the covariance matrix or the interaction of the
various assets within the portfolio. To understand how this works, let us separate equation 1.1
into its two components of systematic and unsystematic risk. Consider a portfolio with equal
weights as seen in equation 1.2.
(1.2)
Since each weight is the same, we can say
and
are the same. Equation 1.3
allows us to rewrite the covariance of an asset with itself. We can now transform equation 1.1 to
reflect the equally weighted assets which is seen in equation 1.4.
(1.3)
(1.4)
Equation 1.4 allows us to better evaluate the two different sources of risk much more objectively.
The first part of the equation is the individual assets specific risks. The second part of the
equation is the portfolios sensitivity to the overall market and the interaction of said assets within
the portfolio (Amihud, Kamin, Ronen 1983). Separating the two sources of risks allows us to
better understand the implications of diversification on the overall portfolio (Markowitz 1991).
Let us define the average variance of the underlying assets of the portfolio as described in
equation 1.5. Additionally, let us define the average covariance of the underlying assets of the
portfolio as described in equation 1.6. A positive covariance indicates the portfolio’s assets will
move similarly thus not enjoying the benefits of diversification. On the other hand, a negative
covariance indicates the portfolio’s assets will move differently thus enhancing the portfolio by
reducing risk (Levy, Samat 1970). By defining the average variance and average covariance we
can rewrite the total portfolio variance as a combination of the average variance and average
covariance as defined in equation 1.7.
(1.5)
(1.6)
(1.7)
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As n increases the individual asset specific risk goes to zero. We can now plainly see that as n
increases or the number of assets increase the average variance of the assets will go to zero
(Chen, Keowan 1981). As the firm specific risk goes to zero, the total risk which is left is the
market risk or the portfolio’s sensitivity to the overall market. Again, this model assumes there
are only two sources of risk to the portfolio: risk from the individual assets themselves and the
sensitivity of the risk to the overall market by the portfolio (Saunders, Cornett, McGraw 2006).
This graph can be seen in Figure 1: Total Risk to Number of Securities.
Figure 1: Total Risk to Number of Securities

Figure 1 demonstrates as the number securities increase the total risk of the portfolio declines.
The diversifiable risk approaches zero as the number of securities in the portfolio increases as
depicted in equation 1.4. As this value approaches zero, the total portfolio which is left is the
systematic risk or the market risk. The systematic risk then becomes the limit for the overall risk
of the portfolio.
The risk of the individual assets or the firm specific risk then can be diversified away. The
remaining risk is considered to be systematic risk or market risk. This is the risk associated with
portfolio with regards to the market. This risk is consistent with a single factor model, which i s
often utilized as the Capital Asset Pricing Model (CAPM) (Merton 1973), which is demonstrated
in equation 1.8.
(1.8)
The expected return of the security or portfolio ( is the risk-free rate plus the excess return of
the market
multiplied by the sensitivity
of the portfolio. The CAPM says with
proper diversification, the only risk to the portfolio is the sensitivity of the portfolio to the
market, or simply put market risk. The CAPM is widely accepted by academics as well as
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practitioners to determine the expected return of either a single asset or a portfolio of assets
(Bartholdy, Peare 2005). This one risk factor model is then accepted as an appropriate way to
measure returns as determined by the risk of the portfolio to the market.
What is the right number of Assets?
Determining the right number of assets has been a long studied problem. Sharpe developed a
brilliant streamlined approach to looking at the relationship between return and risk via the
Sharpe ratio (Sharpe 1994). This ratio is the excess risk of the portfolio divided by the variance
of the overall portfolio which can be seen in equation 1.9. The Sharpe ratio explicitly evaluates
the level of return for each unit of risk. The higher the level of return for a given unit of risk, the
higher the level of the Sharpe ratio (Zakamouline, Koekebakker 2009). The ratio now allows us
to evaluate a portfolio based on performance of the asset relative to its associated risk.
(1.9)
The Sharpe ratio mirrors the Capital Asset Pricing Model as depicted in equation 1.8. Again, this
model evaluates the performance of the portfolio with relation to one single factor, the market.
The market risk as demonstrated in both the Capital Asset Pricing Model and the Sharpe Ratio
drives the return of the overall portfolio as well as the risk of the portfolio. Investors are
therefore properly compensated for the appropriate level of risk of the portfolio as defined by the
beta or sensitivity of the portfolio to the overall market (Modigliani, Modigliani 1997).
Eliminating market risk or systematic risk isn’t possible utilizing a single factor model of the
market. However, eliminating firm’s specific or unsystematic risk is with a threshold of n assets.
An investor cares to decrease the number of holdings in their portfolio as a way of reducing
trading costs or portfolio drag (Elton, Gruber 1977). Utilizing a portfolio of randomly chosen
stocks, to have a well-diversified portfolio needs between 30 stocks for a borrowing investor and
40 stocks for a lending investor (Statman 1987).
A challenge of finding the right number of assets is to balance the reduced risk by the cost of
adding and subtracting or trading of assets within the portfolio. Although the investor wants to
reduce risk to the absolute minimum, the trader does not want to sacrifice returns (Bodie,
Rosansky 1980). Trading costs create a drag on the overall portfolio compensation thus reducing
the returns for the individual investor or portfolio manager (Odean 1999) and (Barber 2008).
Finding the Optimal Number of Assets
We look to extend this field by applying a more robust simulation on various portfolios. We
were able to generate portfolios of five different sizes: 10, 25, 50, 100 and 150. From these
different portfolios were able to simulate the returns to determine the empirical returns and
variance of each of the portfolios.
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To start, the individual total stock return performance for each of the S&P500 from 1997 to 2016
was evaluated. The returns were annual for the years. The average annual return of the
individual securities is found in Table 1: Average Annual Returns of Individual Securities in
S&P500.
Table 1: Average Annual Returns of Individual Securities in S&P500

The average return of for the entire time period was 12%. The highest annual return was in 2003
with an average return of 42%. The lowest annual return was in 2008 with an average return of 38%. A random number of assets were generated for each of the years. The returns of each of the
portfolios were calculated. The excess returns over the average return for the entire S&P500 for
the individual years were generated as well. These returns are found in Table 2: Average Annual
Returns of Simulated Portfolios of the S&P500.
Table 2: Average Annual Returns of Simulated Portfolios of the S&P500

Of the 20 years, 8 of the years produced an excess return over the S&P500 index. The other 12
years resulted in the S&P500 outperforming the simulated portfolios. The number of assets
which utilized in the portfolio ranged from 145 to 340. The average excess return of the 20
portfolios is -2.70%. The standard deviation of excess returns is 8.02% and the variance of the
excess returns is 0.64%. The standard deviation indicates the excess returns have a large swing in
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excess returns. The descriptive statistics of the annual S&P500 returns, the annual simulated
portfolio returns and the annual simulated excess portfolio returns over the S&P500 are depicted
in Table 3: Descriptive Statistics of Annualized Portfolios.
Table 3: Descriptive Statistics of Annualized Portfolios

When comparing the simulated portfolios with significantly fewer assets than the simulated
portfolios underperformed the S&P500. Taking a deeper look at the return to risk ratio the
S&P500 generated a ratio of 0.65 compared with the simulated portfolios of 0.52. The lower
return to risk ratio indicates that the simulated portfolios not only underperformed but also
generated a lower return compared with unit of risk (Modigliani, Modigliani 1997). These
portfolios used significantly higher number of assets compared with the random portfolios tested
in this paper.
Results
From the S&P500, 100 individual random portfolios holding 10, 25, 50, 100 and 150 stocks were
generated. Each of the portfolios generated returns and standard deviation of returns of the
portfolio. These returns and risk metrics were then compared with the overall S&P500.
Table 4: Average Returns of Simulated Portfolios, demonstrates the average returns of the 100
simulated portfolios. The returns of the each of the different portfolios are very similar across
each year. The highest average return is not consistent within a certain number of stock portfolio.
Table 4: Average Returns of Simulated Portfolios
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Table 5: Standard Deviations of Simulated Portfolios demonstrates the standard deviations of the
100 simulated portfolios for each of the 5 different categories: 10 stock, 25 stock, 50 stock, 100
stock and 150 stock. There is a significant reduction of the standard deviation from the 10 stock
portfolios to the 25 stock portfolios. As the number of securities increase the standard deviation
decreases for the simulated portfolios.
Table 5: Standard Deviations of Simulated Portfolios

Table 6: Variances of Simulated Portfolios, demonstrates the variances of the 100 simulated
portfolios for each of the 5 different categories: 10 stock, 25 stock, 50 stock, 100 stock and 150
stock. There is a significant reduction of the variance from the 10 stock portfolio to the 25 stock
portfolio. As the number of securities increase the variance decreases for the simulated
portfolios.
Table 6: Variances of Simulated Portfolios

Table 7: Minimums of Simulated Portfolios, demonstrates the minimums of the 100 simulated
portfolios for each of the 5 different categories: 10 stock, 25 stock, 50 stock, 100 stock and 150
stock. The minimum was always found in the 10 stock portfolio.
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Table 7: Minimums of Simulated Portfolios

Table 8: Maximums of Simulated Portfolios, demonstrates the maximums of the 100 simulated
portfolios for each of the 5 different categories: 10 stocks, 25 stock, 50 stock, 100 stock and 150
stock. The maximum was always found in the 10 stock portfolios.
Table 8: Maximums of Simulated Portfolios

Conclusions
The results of the testing are found in Table 9: Average Returns of Random Portfolios.
Table 9: Average Returns of Random Portfolios
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The high average returns are not consistent through the different portfolio sizes of 10, 25, 50,
100 and 150 stock positions. As a result, we can not draw a conclusion. The standard deviation
and variance decreases as the number of assets increases. We have demonstrated this in equation
1.4. The simulated portfolios empirically demonstrate the reduction of the overall risk as the
number of securities increase. With the minimum and maximum in the 10 stock portfolios, we
can see the extremes of the average of the 100 simulated portfolios.
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